
ARTICLE

Properties of mine tailings for static liquefaction assessment
Jorge Macedo and Luis Vergaray

Abstract: Static liquefaction has been associated with numerous recent failures of tailings storage facilities (TSFs) around
the world (e.g., the 2019 Brumadinho failure). These failures lead to devastating consequences for the environment and civil
infrastructure as well as the loss of human lives. In this study, we present trends for the mechanical response of mine tail-
ings considering (i) triaxial tests, (ii) bender element tests, and (iii) consolidation tests on 53 mine tailings materials (includ-
ing recent case histories). These materials have a broad range of states, particle size distributions, and compressibility. The
trends are evaluated in the context of static liquefaction using critical state soil mechanics concepts, focusing on the varia-
tion of the shear strength (residual and peak), state and brittleness soil indexes, excess pore pressure indexes, instability
stress ratios, and dilatancy. In particular, we highlight that mine tailings’ mechanical properties reflect both the properties
of the particles themselves and the relative proportions of different particle sizes. For instance, the observed trends suggest
that particle gradation influences the small strain stiffness and dilatancy; the proportion of voids to the size of fine par-
ticles influences strength, and particle shape affects dilatancy. Finally, we propose static liquefaction screening indexes
based on the observed trends.

Key words: mine tailings, static liquefaction, mechanical properties.

Résumé : La liquéfaction statique a été associée à plusieurs défaillances récentes d’installations de stockage de résidus (TSF)
dans le monde (par exemple, la défaillance de Brumadinho en 2019). Ces défaillances provoquent des conséquences dévasta-
trices pour l’environnement et les infrastructures civiles, ainsi que des pertes de vies humaines. Dans cette étude, nous pré-
sentons les tendances de la réponse mécanique des résidus miniers en considérant (i) des essais triaxiaux, (ii) des essais par
éléments pliés et (iii) des essais de consolidation sur 53 matériaux de résidus miniers (y compris des cas récents). Ces matéri-
aux présentent un large éventail d’états, de distributions granulométriques et de compressibilité. Les tendances sont éval-
uées dans le contexte de la liquéfaction statique en utilisant les concepts de la mécanique des sols à l’état critique, en se
concentrant sur la variation de la résistance au cisaillement (résiduelle et maximale), les indices d’état et de fragilité des
sols, les indices de surpression interstitielle, les rapports de contrainte d’instabilité et la dilatation. En particulier, nous sou-
lignons que les propriétés mécaniques des résidus miniers reflètent à la fois les propriétés des particules elles-mêmes et les
proportions relatives des différentes tailles de particules. Par exemple, les tendances observées suggèrent que la gradation
des particules influence la rigidité à petite déformation et la dilatation; la proportion de vides par rapport à la taille des par-
ticules fines influence la résistance, et la forme des particules affecte la dilatation. Enfin, nous proposons des indices de
dépistage de la liquéfaction statique basés sur les tendances observées. [Traduit par la Rédaction]

Mots-clés : résidus miniers, liquéfaction statique, propriétés mécaniques.

Introduction
The static liquefaction of mine tailings has caused numerous

recent failures (e.g., the 1985 Stava disaster in Italy (Chandler
and Tosatti 1995); the 1994 Merriespruit failure in South Africa
(Fourie and Papageorgiou 2001); the 2014 Mount Polley disaster
in Canada (Morgenstern et al. 2015); the 2015 Fundao failure in
Brazil (Morgenstern et al. 2016); the 2018 Cadia failure in Aus-
tralia (Morgenstern et al. 2019); and the 2019 Brumadinho fail-
ure in Brazil (Robertson et al. 2019)). Such failures of tailings
storage facilities (TSFs) have caused unprecedented devastating
consequences for the environment, infrastructure damage as
well as human losses. For example, the Fundao failure is consid-
ered the largest environmental disaster in Brazil, and the Mount
Polley failure in Canada is one of the worst disasters in modern
Canadian history. These failures have triggered international
debates regarding the safety of TSF systems. In particular, the
conditions that result in static liquefaction of mine tailings

remain a considerable concern affecting the financial viability
of mines and the willingness of governments to allowmining.
From a technical standpoint, it is worth highlighting that static

liquefaction is just another facet of soil behavior under loading,
and hence it should be explained under a mechanistic frame-
work. A historical perspective on the definition of the liquefac-
tion phenomena is provided in Jefferies and Been (2015), where
the authors highlight the lessons after the Calaveras dam failure
(Hazen 1918) and the definition of the critical void ratio concept
(Casagrandre 1936) as part of the pioneering efforts to advance
the understanding of liquefaction. In a historical context, one of
the first attempts to account for static liquefaction at a design
stage goes back to the work by the US Army Corps of Engineers
(USACE), having designed and constructed Franklin Falls dam to
resist static liquefaction (“sand flow failure” in the terminology
of the time) approximately 80 years ago. This initial work by the
USACE, documented in Lyman (1938), developed over the follow-
ing years into the mechanistic framework now known as critical
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state soil mechanics (CSSM). Arguably, CSSM is now the preemi-
nent methodology for understanding static liquefaction, having
been used in the mining industry by the expert panels retained
to investigate recent TSF failures such as, for example, Fundao
(Morgenstern et al. 2016), Cadia (Morgenstern et al. 2019), and
Brumadinho (Robertson et al. 2019).
In the US, approximately 1200 TSFs exist, with 60% of themhav-

ing a significant hazard according to the USACE classification
(USACE 2016). Hence, the safety of TSFs is an important issue. In
some scenarios, the deposited tailings in a TSF are an essential
component of the overall physical stability of a TSF. This is partic-
ularly the case for upstream and centerline dams, which may
have a high associated risk, not only during their operation but
also when they are considered inactive (e.g., the Brumadinho
dam was inactive since 2015 and failed in 2019). In these scenar-
ios, an adequate understanding of the mechanical response of
tailing materials is essential for understanding the response of
the overall TSF system. Moreover, as engineering practice is mov-
ing more towards finite element or finite difference-based stress
analyses (e.g., the evaluations performed in the forensic studies
after recent failures), understanding the mechanical response of
mine tailings is also fundamental for the calibration of constitu-
tive models that can later be used in numerical simulations. This
is not simple because mine tailings are often characterized as in-
termediate materials (pure silts or sandy silts), which represents
a fundamental challenge for understanding their mechanical
response. Tailings are also geologically young materials, with
angular grains rather than subrounded and often with lower
proportions of quartz than many natural soils; thus, standard
geotechnical correlations should not be taken as applicable to
tailings without detailed consideration of these factors.
Previous efforts on understanding the trends in the mechani-

cal response of particulate materials under monotonic loadings
have been mainly focused on sands with low fine contents (e.g.,
Sadrekarimi 2014; Jefferies and Been 2015; Rabbi et al. 2019). For
example, Sadrekarimi (2016) used results from laboratory tests
under different boundary conditions (e.g., triaxial, plane strain)
to find trends in the peak and residual normalized strengths of
sandmaterials with respect to the brittleness index (Bishop 1971).

Rabbi et al. (2019) used experimental results from an Australian
sand with 10% fine contents (FC) to present trends between a
modified version of the brittleness index and different parame-
ters that characterize the state of a soil material (e.g., the state pa-
rameter defined by Been and Jefferies 1985). In addition, Rabbi
et al. (2019) also presented trends for the stress ratio (h = q/p,
where q is the deviatoric stress, and p is the effective mean stress)
at liquefaction triggering against different parameters that rep-
resent soil state.
In terms of mine tailings, the experimental studies that have

evaluated their mechanical response and the associated mechan-
ical parameters are somewhat limited compared to sand materi-
als (e.g., Jefferies and Been 2015; Shuttle and Jefferies 2016; Fourie
and Tshabalala 2005; Carrera et al. 2011). In terms of trends
extracted from a large number of experimental tests, the authors
are only aware of the study by Smith et al. (2019), who presented
trends for the parameters that define a linear critical state line
(i.e., the slope and altitude at low stresses), and the variation of
the brittleness index and a normalized version of the state pa-
rameter. In a broader perspective, the mechanical properties in
particulate materials (including mine tailings) reflect both the
properties of the particles themselves and the relative propor-
tions of the different particle sizes, which affect how easily parti-
cle movements create new contacts and the available space of
particles to move into. Some previous research exploring particle
shape and gradation effects on the macromechanical response of
particulate materials include the work of Cho et al. (2006), who
explored the role of particle properties on mechanical properties
of uniformly graded clean sands. Torres-Cruz and Santamarina
(2020) explored the trends of mine tailings critical state line (CSL)
properties in terms of the minimum void ratio (emin), concluding
that emin could be used to characterize the variation of the CSL
properties in the field. Payan et al. (2016) evaluated the effects of
particle sizes on the stiffness of sands by considering the coeffi-
cient of uniformity (Cu), concluding that gradation has an impor-
tant effect on the stiffness of sandmaterials.
In this study, we present trends for mechanical-based parame-

ters that control the response of mine tailings, in the context of
static liquefaction, which have not been previously explored

Fig. 1. Range of particle size distribution for the materials considered in this study. Materials 01 to 07 are made available as part of this
study. Materials 08 to 53 were compiled from Fourie and Papageorgiou (2001), Shuttle and Cunning (2007), Carrera et al. (2011), Anderson
and Eldridge (2011), Bedin et al. (2012), Schnaid et al. (2013), Been (2016), Li et al. (2018), Reid et al. (2018), Li and Coop (2019), Raposo (2016),
Torres (2016), Morgenstern et al. (2016), Riemer et al. (2017), Li (2017), Robertson et al. (2019), Macedo and Petalas (2019), Gill (2019), Reid and Fanni
(2020), and Reid et al. (2021). [Colour online.]
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considering a large set of tailings materials. Another aspect that
we highlight is the influence of the relative proportions of parti-
cle sizes on the macromechanical response of mine tailings. We
consider a broad range of states, a range of particle size distribu-
tions (i.e., from silty sand to almost pure silt mine tailings), a
broad range of compressibility, and a broad range of particle

gradations. The trends are presented using results from 53 mine
tailings materials (including available data from the recent fail-
ures previously discussed), which have been processed in a uni-
formmanner. In some instances, numerical simulations with the
Norsand model (Jefferies 1993; Jefferies and Been 2015), referred
to as Norsand in this study, are used to complement the

Fig. 2. Normalized stress–strain and stress path curves for material 1 (a, b), material 2 (c, d), and material 3 (e, f). Additional information
for the tests in materials 1 to 7 is presented in the Table A2 of Appendix A. [Colour online.]
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observations from experimental-based trends. Finally, we pro-
vide screening indexes for the assessment of static liquefac-
tion in mine tailings using insights from the observed trends.

Materials database
Figure 1 shows the particle size distribution for the materials

considered in this study, separating them by fine contents for
easier visualization. The data for materials 01 to 07 are made avail-
able as part of this study, considering the following information:
(i) triaxial compression drained (Tx-CD) and triaxial compression
undrained (Tx-CU) tests, defining a CSL, (ii) consolidation (using
a constant rate of strain procedure), and (iii) bender elements to
evaluate the stiffness (i.e., shear modulus). Materials 08 to 53 were
compiled from Shuttle and Cunning (2007), Anderson and Eldridge
(2011), Bedin et al. (2012), Schnaid et al. (2013), Been (2016), Li et al.
(2018), Li and Coop (2019), Raposo (2016), Torres (2016), Morgenstern
et al. (2016), Riemer et al. (2017), Li (2017), Robertson et al. (2019),
Macedo and Petalas (2019), Gill (2019), Reid and Fanni (2020), Reid
et al. (2018), Macedo et al. (2020), Reid et al. (2021), Fourie and
Papageorgiou (2001), and Carrera et al. (2011). In particular, material
22 corresponds to the Fundao failure,materials 24 to 27 correspond
to the Cadia failure, materials 30 to 32 correspond to the Bruma-
dinho failure, materials 46 to 49 correspond to the Merriespruit
failure, andmaterials 50 to 53 correspond to the Stava failure. The
database contains 334 triaxial tests, 49 consolidation tests, and

54 bender element tests. The mine tailings correspond to differ-
ent ores (i.e., gold, iron, silver, copper, zinc, platinum), and they
cover a broad range of fine contents (FC = 0%–100%), initial confin-
ing stress (20–6000 kPa), specific gravity (Gs = 2.63–4.89), and
states (i.e., very loose to dense). Additional details are included
in Table A1 of Appendix A.
In the case of the materials 01 to 07, a washed sieve analysis

and specific gravity were completed on each specimen prior to
testing. The specimens were then prepared using moist tamp-
ing, during which the specific gravities were used to calculate
void ratios and dry densities before each test. Initial height and
diameter measurements were taken before shearing, and void
ratios were measured using the end-of-test soil freezing technique
(Sladen andHandford 1987; Jefferies and Been 2015; Reid et al. 2021),
which were used to estimate the void ratio change during the
tests. The “under-compaction” method (Ladd 1978) was used to
improve the uniformity of the prepared specimens by varying
the weight of each compacted layer. A vacuum (<5 kPa) was
applied to hold the specimens before they are placed in the triax-
ial cell (e.g., for saturation purposes). Themoist tamping technique
has been selected because it enhances specimen homogeneity,
allows better control over the specimen’s void ratio, and promotes
strain-softening (Sadrekarimi and Riveros 2020; Al-Tarhouni
et al. 2011; Chen and van Zyl 1988; Sladen et al. 1985; Fourie and
Tshabalala 2005; Reid et al. 2018; Schnaid et al. 2013). Recently,

Fig. 3. Illustration of the estimation of mechanical-based parameters consistent with the critical state theory for material 12. (a) CSL
estimation, (b) hmax versus Dmin plot to estimate Mtc and N, (c) state-dilatancy relationship to estimate x, and (d) G versus p plot to
estimate A and B. [Colour online.]
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Reid and Fanni (2020) compared the CSLs obtained from intact
tailings block samples and specimens prepared using moist
tamping, concluding that the intact block samples generally
tended towards the CSL obtained from the moist tamped speci-
mens. Reid and Fanni (2020) also pointed out that slurry-
deposited samples tended towards but did not reach the CSLs
from moist tamped specimens and intact block samples. Fur-
thermore, the moist tamping technique has also been used in
the recent forensic studies involvingmine tailings after the Fundao
and Cadia TSFs failures (Morgenstern et al. 2016; Morgenstern et al.
2019). Figure 2 illustrates normalized stress–strain curves and stress
paths obtained from drained and undrained triaxial for materials
01 to 03.

Data processing
The available laboratory tests for eachmaterial have been proc-

essed in a uniform manner. The following properties were eval-
uated for each material: (1) the critical state line (CSL), in the case
of a linear CSL, the slope (l e), and the altitude at 1 kPa (G) are esti-
mated using eq. 1a; in the case of a curve CSL, the parameters a, b,
and c are estimated according to eq. 1b; (2) the stress ratio
at critical state (Mtc), and the volumetric coupling (N), according
to eq. 2a; (3) the state-dilatancy parameter (x ), according to
eq. 2b; and (4) the stiffness–confinement dependence parameters
(A, B) according to eqs. 3a to 3c.

Mtc was estimated as the slope of the line that joins the ulti-
mate points in p (mean stress) versus q (deviatoric) plots or using
eq. 2a, which is based on the strength–dilatancy relationship
used in Jefferies and Been (2015). In eq. 2a, Dmin represents the
maximum dilatancy, and hmax is the maximum stress ratio. Dmin

was selected by plotting D versus the state parameter (c ), after
getting rid of potential fluctuations (noise) using a loess non-
parametric fitting. hmax was selected from a h versus axial strain
plot. N was also calculated from eq. 2a, using the slope of the
hmax versus Dmin relationship. x was calculated from a plot of
Dmin versus c , according to eq. 2b. Finally, the parameters A and
B were calculated by nonlinear regressions of the shear modulus
(G) measured in the bender element tests versus the mean effec-
tive stress p according to eqs. 3a to 3c, using the two different
functional forms. Equations 3b and 3c represent the functional
form proposed by Hardin and Richart (1963) and Pestana and
Whittle (1995), respectively.

ð1aÞ ecs ¼ C� l elnp

ð1bÞ ecs ¼ a� b
p

patm

� �c

ð2aÞ hmax ¼ Mtc þ ð1� DminÞN

ð2bÞ Dmin ¼ xc

Fig. 4. Illustration of the adopted criteria to characterize different responses in undrained triaxial. Du is the excess pore pressure, and s 0
0 is

the initial vertical effective stress. [Colour online.]
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ð3aÞ G ¼ AFðeÞ p
pa

� �B

ð3bÞ FðeÞ ¼ 2:97� eð Þ2
1þ eð Þ

ð3cÞ FðeÞ ¼ 1þ e
e

It is important to highlight that G, l e, Mtc, N, x, A, and B are
often present as parameters in robust constitutive models, usu-
ally formulated for sands (although often named differently or
represented by other proxies), and are the basis for the current
mechanical-based understanding of static liquefaction. Figure 3
shows an example of the calculation of these parameters for

material 12. Figure 3a shows the estimation of the CSL, Fig. 3b
shows the hmax versusDmin plot to estimateMtc andN, Fig. 3c shows
the state-dilatancy relationship to estimate x , and Fig. 3d shows
theG versus p plot to estimate A and B, according to eq. 3a.
In the case of undrained triaxial tests, we classified each test as

(i) flow liquefaction with full softening, (ii) flow liquefaction with
partial softening, (iii) limited flow liquefaction, and (iv) non-flow
liquefaction. This classification is consistent with that in Rabbi
et al. (2019). The subdivision of flow liquefaction cases in full soft-
ening and partial softening is also consistent with Soares and
da Fonseca (2016). Figure 4 illustrates the adopted criteria using
selectedmaterials from our database.
The full softening corresponds to the cases that p and q reached

values very close to zero, without any sign of a transformation
point (i.e., a transition from contraction to dilation). The partial
softening corresponds to cases that showed strain-softening after

Fig. 5. (a) Distribution of CSLs for the materials considered in this study, (b) distribution of normally consolidation lines (NCL), (c) comparison
of CSL and NCL for a subset of materials, (d) distribution of shear modulus (G) versus mean pressure (p) curves. [Colour online.]
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peak but with q values significantly larger than zero (we consid-
ered values 10 kPa as the threshold) by the end of the test. In addi-
tion, the following parameters were estimated for each test: the
brittleness index Ib = (Suy – Sur)/Suy (Bishop 1971), where Suy is the
strength at peak (also called yield strength) and Sur is the residual
strength; the yield strength ratio (Suy=s

0
0), where s 0

0 is the initial
vertical effective stress; the residual strength ratio (Sur=s

0
0); the

excess pore pressure ratio (ru = Du/s 0
0, where Du is the excess pore

pressure); and the instability stress ratio h IL, which corresponds to
h at peak conditions in a p versus q plot when the behavior is asso-
ciated with flow liquefaction. Of note, in the cases with limited
flow (see Fig. 4), Sur was selected as the minimum strength fol-
lowing strain-softening behavior, which corresponds to the so-
called transformation point (Yoshimine and Ishihara 1998). This
is consistent with Sadrekarimi (2014), who pointed out that
when instability and deformation occur in field conditions, the
soil behavior may become dynamic and turbulent due to inertial
effects, and hardening may not be possible after the soil
researches the transformation point under such circumstances.
We have also considered different definitions to quantify the

state and its evolution; specifically, we considered the state pa-
rameter (c ) defined by Been and Jefferies (1985), the state pres-
sure index (Ip) defined by Wang et al. (2002), the modified state
parameter (cm) defined by Bobei et al. (2009), and a volumetric
strain-based state parameter (c v) defined in this study. Appendix B
presents a detailed description of these parameters that

quantify the state of particulate materials (see eqs. B.1 to B.5 and
Fig. B1 in Appendix B).

Trends in themechanical response of mine tailings

Critical state parameters and stiffness
Figure 5a shows the distribution of the CSLs for all the materi-

als considered in this study; it can be observed that the estimated
CSLs were, in most cases, followed a linear relationship (in a
semi-log space). In addition, the estimated CSLs cover a broad
spectrum in the e versus p plane (the maximum difference in e
for a given p is in the order of 0.55). Appendix Table A1 shows the
estimated parameters for the CSLs. Figure 5b shows the distribu-
tion of the normally consolidation lines (NCL) for selected cases.
Again, the NCLs cover a broad spectrum in the e versus p plane,
with a maximum difference for e in the order of 0.6 for a given p.
Figure 5c shows a comparison of CSLs and NCLs for three cases
with different fines content. Interestingly, the finer the materi-
als, the more the NCL and the CSL tend to be parallel, which
affects the initial tailings state and then the mechanical
response. Interested readers can also refer to Olson and Stark
(2003) for additional discussions on the CSL and NCL relative
location. Figure 5d illustrates the spectrum of the maximum
shear modulus (G) variation (i.e., G versus mean pressure) esti-
mated through bender element tests considering a broad range
of densities.

Fig. 6. Variation of the CSL slope versus (a) FC and (b) PI. Variation of the CSL intercept at 1 kPa versus (c) FC and (d) LL � Gs. [Colour online.]
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For illustrative purposes, we highlight how the initial void ra-
tio influences G for material 32 (e.g., a lower initial void ratio pro-
duces a larger G). Note also that the order of magnitude for G in
mine tailings can be somewhat comparable to the G values in nat-
ural sand in some cases (e.g., see the trend for Ticino sand that is
included for reference). Hence, mine tailings, depending on their
state (i.e., loose versus dense), may have a stiffness that is compa-
rable to that of sandmaterials.
Figure 6 shows the variation of parameters that define the CSLs

versus soil index parameters such as fines content (FC), plasticity
index (PI), and liquid limit (LL). In these figures (Figs. 6a to 6d), we
have also added the mine tailings data from Smith et al. (2019).
Figure 6a shows the variation l e versus FC and Fig. 6b shows the
variation of the l e versus PI. It can be seen that PI is correlated
with l e (R

2 = 0.6 with a better correlation compared to FC) when
a material presents a PI. This is expected because both PI and l e

can be considered as proxies to compressibility.
The apparent correlation between PI and l e is also consistent

with CSSM-based concepts (e.g., see Chapter 6 in Schofield and
Wroth 1968). Hence, this suggests that the common approach of
using FC for accounting for compressibility, as it is often done in
the cyclic liquefaction assessments for sand materials with fines,
may be questionable. PI, on the other hand, is related to themate-
rial’s mineralogy, which is more fundamentally related to com-
pressibility. This is consistent with the findings from Bray and

Sancio (2006), who evaluated the liquefaction triggering of fine-
grained soils finding that PI is a better descriptor than FC. Figure 6c
shows the variation of G (i.e., the altitude of the CSL at 1 kPa for the
materials with a linear CSL) versus FC, and Fig. 6d shows the varia-
tion ofG versus LL�Gs.
Figure 6c does not show a strong correlation between G and

FC, but suggests that G tends to decrease with an initial incre-
ment of FC, a tendency that is reverted if FC keeps increasing
further (note the Loess-based fitting line that illustrates this
trend), which is consistent with the findings by previous stud-
ies that considered silty sands and sandy silts (e.g., Thevanayagam
et al. 2002). Figure 6d evidences a stronger correlation between
G and LL. This can be explained as LL being a measure of the
water content of soil at an approximate strength of 2 kPa
(Wood 1991). Considering that shear strength can be normal-
ized, p will be low (for example, if the normalized strength is
0.2, p will be 10 to provide a strength of 2 kPa). The correspond-
ing void ratio can be approximated as the water content (which
is represented by LL) times Gs (assuming saturation); hence, by
using a semi-logarithmic relationship for the CSL, a linear
trend between G and LLGs is expected (as illustrated in Fig. 6d),
which is consistent with the findings in Smith et al. (2019). This
is also consistent with CSSM concepts, which show a linear cor-
relation between G and LL (e.g., see Chapter 6 in Schofield and
Wroth 1968).

Fig. 7. (a) Distribution of Mtc values for tailing and sand materials, (b, c) distribution of the A and B parameters in eqs. 3a and 3b, respectively,
and (d) A versus state parameter variation. [Colour online.]

674 Can. Geotech. J. Vol. 59, 2022

Published by Canadian Science Publishing

C
an

. G
eo

te
ch

. J
. D

ow
nl

oa
de

d 
fr

om
 c

dn
sc

ie
nc

ep
ub

.c
om

 b
y 

G
E

O
R

G
IA

 I
N

ST
 O

F 
T

E
C

H
N

O
L

O
G

Y
 o

n 
04

/0
1/

23
 F

or
 p

er
so

na
l u

se
 o

nl
y.

 



Figure 7a shows a histogram of Mtc values for tailings and sand
materials. The Mtc values for sands were obtained from Jefferies
and Been (2015). It can be observed that Mtc values for mine tail-
ings are generally larger compared to sands, which has also been

observed in previous studies (e.g., Reid 2015). This is due to the an-
gularity associated with mine tailings as a product of the mineral
processing. Figures 7b and 7c show histograms for the A and B
coefficients in eqs. 3a to 3c. It can be observed that the A coefficient

Fig. 8. (a) Variation of a and Cu. (b) Variation of b and Cu. The sand data was obtained from Cho et al. (2006). [Colour online.]

Fig. 9. Variation of Sur=s
0
0 and Suy=s

0
0 versus the brittleness index (panels (a) and (b), respectively); and Sur=s

0
0 and Suy=s

0
0 versus the

initial state parameter (c 0) (panels (c) and (d), respectively). [Colour online.]
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typically varies from 10 to 60MPa, whereas the variation of B is gen-
erally between 0.4 and 0.7. To better understand the variation of the
A coefficient, we plotted A versus the initial state parameter in
Fig. 7d, which suggested a good correlation. Hence, larger A values
are generally associated with dense materials (more negative state
parameters), and lower A values are generally associated with loose
materials (more positive state parameters). Furthermore, parame-
tersA and Bhave shown to be dependent on particle shape and grain
size distribution in sands (Cho et al. 2006; Payan et al. 2016).
Parameter A, in particular, represents a volumetric-blended mea-
sure of soil particle stiffness. We explored the stiffness dependence
on the particle size distribution of mine tailings using the a and b

parameters (Vs ¼ a
p

1 kPa

� �b

, where Vs is the shear wave velocity in

m/s from bender tests). a and b are shear wave velocity counter-
parts of A and B and are used to integrate the sand data from Cho
et al. (2006). Figure 8 shows the variation of Cu versus a and b, con-
sidering the data from this study and the data from Cho et al. (2006)
for clean sands (which have a Cu lower than 5). The trends indicate
that as Cu increases, a decreases and b increases; this finding is con-
sistent with the observations of Payan et al. (2016) for clean sands and
suggest that the overall effect of the irregularities introduced by dif-
ferent particle sizes is to hinder particle mobility and their ability to
attain dense packing configurations leading to lower Vs (lower a ) that
aremore susceptible to changes in stresses (higher b ). Interestingly, it

can also be observed that the trends in mine tailings are consistent
with the trends for sands.

Residual and peak strength
In Figs. 9 to 11 and figures in Appendix C, we discuss trends in

terms of peak and residual shear strengths. Figures 9a and 9b
shows the variations of Sur=s

0
0 and Suy=s

0
0 in terms of Ib, along

with upper and lower bound trends for sand materials extracted
from Sadrekarimi (2014). It is noticed that, in general, the trends
are reasonably consistent.
Figure 9c shows the variation of Sur=s

0
0 in terms of c 0 along

with similar trends for sands with different compressibility
(including the Lagunillas sandy silt) extracted from Sadrekarimi
(2013). Figure 9d shows the variation of Suy=s

0
0 in terms of and c 0

along with upper and lower bound trends for Suy=s
0
0 in sands

extracted from Jefferies and Been (2015). By examining Fig. 9c,
the effect of compressibility is clearly observed (i.e., Sur=s

0
0 in the

case of sand materials increases with the increase of compressi-
bility). In particular, the trends extracted for the Lagunillas sandy
silt are more consistent with the overall variation of strength for
mine tailings. The variation of Suy=s

0
0 in Fig. 9d suggests that

Suy=s
0
0 tends to be larger in mine tailings compared to the sands

in Jefferies and Been (2015) when c is lower than 0.1. To bring the
effects of compressibility, we normalized the state parameter by
l e. This normalization may also cancel out some fabric-related
effects, as compressibility is expected to be influenced by fabric.

Fig. 10. Variation of Sur=s
0
0 and Suy=s

0
0 versus c 0/l e (panels (a) and (b), respectively); and Sur= Mtcs

0
0

� �
and Suy= Mtcs

0
0

� �
versus c 0/l e

(panels (c) and (d), respectively). [Colour online.]
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Fig. 11. (a) Suy=s
0
0 dependence on the plastic modulus (H) and the rigidity index (Ir); (b) variation of Suy=s

0
0 and (d10,sand)/(d50,silt). [Colour

online.]

Fig. 12. Relationships between (a) Ib and c /l e, (b) Ib versus Ip, (c) c /l e versus Ip, and (d) cm versus c /l e. [Colour online.]
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In cases where the CSL was a curve, we linearized the CSL in the
range of stresses of interest and calculated a linearized l e. Figure 10a
shows the variation of Sur=s

0
0 versus c /l e; now it can be observed

that bringing l e decreases the variability in the trends, and the
normalized trends for mine tailings are now more consistent
with those for sandmaterials reported by Sadrekarimi (2013).
A similar effect can be observed in terms of Suy=s

0
0 in Fig. 10b,

which shows that the normalization of the state parameter also
helps to decrease the scatter. To account for the effects of angu-
larity in strength, we further normalized the Sur=s

0
0 and Suy=s

0
0

ratios by Mtc and plotted the results in terms of c /l e. The results
are shown in Figs. 10c and 10d. Recall that from CSSM concepts
(e.g., Jefferies and Been 2015) Sur=ðMtcs

0
0Þ ¼ 0:5 expð�c =l eÞ,

which is also plotted in Fig. 10c. This normalization brings an addi-
tional (minor) reduction to the scatter in the trends because com-
pressibility and angularity effects are now considered through l e

andMtc. In addition, the experimental-based trends follow the trend
of the aforementioned CSSM-based relationship. Appendix C shows
the variation of the normalized peak and residual shear strength
with respect to Ip, c v/l e, and cm/l e (Appendix C, Figs. C1–C3). In
terms of Ip the scatter in the plots (Fig. C1) is comparable to the scat-
ter in Figs. 10c and 10d because Ip brings state and compressibility
information (recall that based on CSSM concepts Ip ¼ expðc 0=l eÞ).
In terms of c v/l e, Fig. C2 shows that c v helps to slightly reduce the
scatter further with respect to c . This suggests that the volumetric
strain potential brings relatively more information compared to
the classical state parameter. In the case of cm (Fig. C3), by using
the pressure index on its formulation, it brings information on the
strength and compressibility, making the trends similar to those in
Figs. 10c and 10d.
Jefferies and Been (2015) suggest that Suy is expected to depend

on the ratio of the elastic modulus (e.g., G) and plastic moduli (H).
Hence, Suy is not only driven by frictional (Mtc) and compressibil-
ity properties, but also by G and H.
To further illustrate the influence of G and H on Suy, we per-

formed numerical simulations of undrained triaxial tests using
the Norsand model considering different values for H/Ir (Ir is the
rigidity index, defined as G/p) and the following Norsand parame-
ters: l e = 0.06, G = 1.1,Mtc = 1.40, N = 0.30, x = 4.0, y = 0.15. These pa-
rameters are based on the average values observed in the mine
tailings considered in this study. The results (normalized Suy val-
ues) are shown in Fig. 11a, which suggest that H/Ir values of 0.05
and 2.0 are consistent with the lower and upper limits, respec-
tively, for the observed Suy values in our mine tailings database.

As a reference, Jefferies and Been (2015) found H/Ir values between
0.5 and 5 for sands. TheH/Ir values in Fig. 11 can be used as upper and
lower bounds to estimate H (given Ir) to better constrain the calibra-
tion of the Norsand model in numerical simulations that involve
tailingsmaterials.
Ni et al. (2004) suggested that the contribution of silt size par-

ticles to the strength of particulate materials with relatively low
FC is related to the ratio of the void size distribution of the coarse
fraction and the particle size distribution of the silt fraction,
which they approximated by the ratio (d10,sand)/(d50,silt), where
d10,sand is the largest particle size in the smallest 10% of sand
particles and d50,silt is the mean size of fine particles. They found
that the contribution of the silt size to the strength decreases as
(d10,sand)/(d50,silt) increases. We explored the variation of this ratio
against the strength data for the mine tailings in our database
that have a FC lower than 40%. The results are presented in Fig. 11b
and suggest that the strength decreases with the increase of
(d10,sand)/(d50,silt), which is consistent with Ni et al. (2004). How-
ever, in our database, we have only one material that shows a
large (d10,sand)/(d50,silt) ratio; hence, this trend should be further
examined in future studies, and it is currently speculative.

State and brittleness soil indexes
Figures 12a to 12d show the relationship between different pa-

rameters to represent the state and brittleness of a soil material.
In these figures, the flow liquefaction cases that correspond to
full softening and partial softening are presented in red and
yellow colors, respectively. Figure 12a shows the relationship
between Ib and c /l e, along with the data from Smith et al. (2019)
and the upper and lower bounds proposed by them for contractive
materials (i.e., c > 0). It can be observed that our data points are
fairly consistent with these upper and lower bounds. The upper
bound in this figure is representative of tests in anisotropic condi-
tions and the lower bound with test with tests under isotropic con-
ditions. Of note, the trends suggest thatflow liquefaction cases with
partial softening may have in general a Ib larger than 0.25 and a
c /l e larger than 0.75, whereas the flow liquefaction cases with full
softeningmay be associated with Ib values higher than 0.6 and c /l e

values larger than 1.5. Figure 12b shows the relationship between Ib
and Ip. As expected, Ip increases with an increase of Ib, and Ip values
higher than 2.5 seem to be indicative of flow liquefaction with par-
tial softening, whereas values larger than 10 may be indicative of
potential flow liquefaction with full softening. Figure 12c shows the
variation of c /l e and Ip, suggesting a good correlation between
these parameters until flow liquefaction with full softening occurs
in cases with c /l e > 3. Finally, Fig. 12d shows the variation of cm

and c /l e; again a good correlation is observed until c /l e> 3. Inter-
estingly, cm alone brings comparable information as c /l e because
it also includes information on the state pressure index.

Instability stress ratio
Figure 13 shows the variation of the normalized instability

stress ratio (h IL/Mtc) and the normalized state parameter (c 0/l e),
for the cases where partial or full softening (i.e., flow liquefaction)
was observed in undrained triaxial tests. As expected, h IL/Mtc tends
to decrease with the increase of increase of c 0/l e. In addition, we
observe h IL/Mtc values that are generally in the range of 0.6 to 1 for
flow liquefaction cases with partial softening and values lower
than 0.6 for flow liquefaction cases with full softening.

Excess pore pressures
Figure 14a shows the variation of ru ¼ Du=s 0

0 versus Ib along
with the trend of ru relationships for sands considering triaxial
extension (Tx-E), plane strain compression (PSC), and triaxial
compression (Tx-C) conditions. The Tx-E and PSC trends were
extracted from Sadrekarimi (2016), and the Tx-C trends were
extracted from Sadrekarimi (2020).

Fig. 13. Variation of the normalized instability stress ratio (h IL/Mtc)
versus c /l e. [Colour online.]
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In general, it can be observed that flow liquefaction cases (par-
tial and full softening) show ru values large than 0.8, and the data
are generally consistent with the average trend extracted for
sand materials, but it is observed that the ru values in mine tail-
ings tend to be larger compared to sands in cases with partial
softening. Figure 14b shows the ru variation in terms of c . In gen-
eral, large ru values were observed with most values higher than
0.6 for c > 0. As expected, ru increases with the increase in Ib and
c , and an Ib higher than 0.1 or a c higher than 0 are indicative or
large excess pore pressure generation (i.e., ru> 0.6).

Dilatancy
Figure 15a shows the variation of themaximumdilatancy in tri-

axial CD tests versus the initial state parameter (c ), considering
the mine tailings from this study and data available in Jefferies
and Been (2015) for sand materials. If we fit the data to the rela-
tionship suggested by Been and Jefferies (1985), given by Dmin =
xc , we obtain representative x values of 3.0 for sands and 4.0 for
tailings. This suggests that mine tailings have an average stron-
ger scaling of dilatancy compared with sands, given a similar
state parameter. This can be explained considering that x can be
though as a kinematic parameter related to the potential of par-
ticulate materials to re-accommodate particles. Given the more
angularity of mine tailings compared to sands, mine tailings seem
to have, on average, a higher potential on re-accommodating par-
ticles. Figure 15b shows the variation of x and Cu/D50 for mine tail-
ings and some well-known sand materials (i.e., Erksak, Braster,
Changi, Fraser, Nerlek, and Ticino sands). The data for sands were
obtained from Jefferies and Been (2015). Cu/D50 has been also used to
examine the dilatancy of natural silts in Venice (Cola and Simonini
2002). It can be observed that the x values in sands vary in a narrow
range between 3.5 and 5.0, which correspond to Cu andCu/D50 values
that are also in a narrow range (1 to 3 and 3 to 10, respectively). In
addition, x in sands tend to slightly decrease with the increase of
D50. For example, x for the Fraser River sand (D50 = 0.3 mm) is 5, x
for the Erksak sand (D50 = 0.33 mm) is 4.2, and x for the Ticino sand
(D50 = 0.53 mm) is 3.5. This variation of x and D50 in sands for a nar-
row range of Cu (1.5–3.0) is consistent with the findings in Amirpour
Harehdasht et al. (2019). In the case ofmine tailings, we observe that
x tends to decreasewith the increase of Cu/D50. This trend is consist-
ent with observations from DEM simulations (Yan and Dong 2011)
that show that dilatancy tends to decrease with the increase of Cu.
We also noticed that the lowest x values (lower than 1.4) correspond
to materials with large FC (larger than 85%) and important clay size
fractions. This observation is consistent with the findings fromCola
and Simonini (2002), who observed a decrease in the dilatancy of

Venice soils when their FC and clay size content increased. The
materials 26 and 31 (which correspond to the Cadia and
Brumadinho failures, respectively) showed large x values (5.8
and 7.2, respectively). These large values may be associated with
the large angularity on these materials and bonding effects, as
suggested by Robertson et al. (2019) based on inspections of scan-
ning electron microscope (SEM) images from the Brumadinho
tailings. An inspection of SEM images in the Cadia tailings sug-
gested similar patterns as those highlighted by Robertson et al.
(2019). The bonding effects are illustrated in Figs. 15c and 15d, which
show SEM images for the Brumadinho tailings. The bonding effects
on the strength anddilatancy ofmine tailings deserves further inves-
tigation. Finally, we have examined the effects of particle shape (e.g.,
roundness and sphericity) for the tailings materials where particle
shape information is available. Figures 15e and 15f show that x tends
to reduce as roundness (R) and sphericity (S) increase (i.e., angularity
decreases), which is consistentwith the concept that x is related the
potential of particulatematerials to re-accommodate particles.

Discussion
The trends presented in this study for the normalized Suy and

Sur (i.e., Figs. 9 and 10) have been evaluated for Tx-C conditions;
hence, they do not reflect shearing mode effects, loading anisot-
ropy, and the effects of intermediate stresses. Sadrekarimi (2014),
using a large database of hollow cylinder, direct simple shear,
Tx-C, and Tx-E tests on natural sands, highlighted that Tx-C tests
produce on average larger strengths than hollow cylinder or direct
simple shear tests, which in turn produce large strengths than Tx-E
tests. Sadrekarimi (2016), using a similar database, highlighted the
importance of loading anisotropy and intermediate stresses. In addi-
tion, Sadrekarimi (2014) pointed out that normalized Suy estimates
from Tx-C tests were consistent with normalized Suy estimates by
Olson (2001) andMuhammad (2012) for flow liquefaction case his-
tories, whereas normalized Sur estimates fromhollow cylinder tests
or direct simple shear tests were more consistent to those in case
histories. Hence, future studies should consider exploring loading
anisotropic and intermediate effects systematically, as the currently
available datasets on mine tailings to explore these effects are par-
ticularly scarce. Importantly, these effects should be explored in the
context of the recent TSF failures.
In this context, the parameters discussed in this study are par-

ticularly useful to guide the calibration of multiaxial constitutive
models, which are typically first calibrated under triaxial condi-
tions. Once calibrated, they can provide predictions for other load-
ing modes and be used in boundary value problems. For example,

Fig. 14. Variation of ru versus (a) the brittleness index and (b) state parameter. [Colour online.]
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Fig. 15. (a) Variation of c and Dmin for sands and mine tailings. (b) Variation of x and Cu/D50 (c and d) SEM images for the Brumadinho
tailings suggesting bonding effects (Robertson et al. 2019). (e) Variation of x and roundness. ( f) Variation of x and sphericity. The data for
sand materials was obtained from Jefferies and Been (2015). [Colour online.]
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the calibration of the Norsand model (Jefferies 1993), which has
been used in recent forensic studies, follows that philosophy. More-
over, the anisotropic critical state framework (Li and Dafalias 2012)
and constitutive models developed under this framework (e.g., the
Sanisand-F model developed by Petalas et al. 2020) can be used for
introducing anisotropic loading anisotropy and intermediate stress
effects after calibrations in the triaxial space. Of course, additional
experimental data would greatly benefit the evaluation of the per-
formance of thesemodels inmultiaxial conditions.
Finally, the experimental information used in this study is

mainly composed of tests on moist tamped specimens, as they
dominate the current state of practice in tailings engineering.
For example, during the robin tests performed by Reid et al. (2021),
more than 90% of the worldwide laboratories that participated
used the moist tamping technique. It is recognized that moist
tampingmay not create the best representation offield conditions;
however, it is used due to its advantages in CSSM-based engineer-
ing procedures (Jefferies and Been 2015; Reid and Fanni 2020; Reid
et al. 2021; Schnaid 2013). Nevertheless, future studies should con-
sider systematic investigations on the effects of reconstitution pro-
cedures on the mechanical response of mine tailings considering
loading anisotropy and other effects. The work by Reid and Fanni
(2020) comparing moist tamping and slurry deposition procedures
against the response of intact block specimens is a step forward in
that direction, butmore research is warranted.

Conclusions
In this study, we have used critical state soil mechanics (CSSM)

concepts to examined salient trends on the mechanical response
of mine tailings in the context of static liquefaction, highlighting
the role the relative proportions of different particles sizes and
particle properties. The recent worldwide failures highlight the
importance of an adequate understanding of the mechanical
response of tailings materials. Tailings are geologically young
materials, with angular grains rather than subrounded and often
with lower proportions of quartz than many natural soils; thus,
standard geotechnical correlations should not be taken as appli-
cable to tailings without detailed consideration of these factors.
Our results suggest that mine tailings fit the same framework as
natural sands, with the key difference of showing a much larger
Mtc and somewhat larger x, both attributed to underlying parti-
cle shape, which then affects standard correlations. Thus, the
mechanical response of mine tailings can be reasonably well
explained once CSSM-based parameters such as G, l e, c , Mtc,
x, N, and G are incorporated.
We have observed that particle gradation influences the small

strain shear stiffness and dilatancy, which is consistent with pre-
vious observations on sands. An increase in Cu typically reflects
on a decrease in a and x and an increase in b . The observed trends
also suggest that particle shape affect dilatancy, x tends to decrease
as roundness and sphericity increase. In the case of mine tailings
with large x , bonding seems to have some effect, as suggested by
Robertson et al. (2019). Bonding effects should be further explored
in future research. Finally, the proportion of voids to the size of
fine particles, represented through (d10,sand)/(d50,silt), seems to influ-
ence shear strength of mine tailings with low FC, which has been
also observed in natural soils; this is an aspect that should be also
explored further in future studies.
Additional salient conclusions from this study include:

� The amount of FC is not a strong proxy to compressibility;
hence, its use in liquefaction procedures to bring compressibil-
ity effects is questionable. In fine-grained plastic soils, PI seems
to be a better proxy, since it is related to mineralogy. Bray and
Sancio (2006) reached a similar conclusion when evaluating
the liquefaction potential in fine-grained soils.

� The Mtc values in mine tailings (in the order of 1.4) are larger,
on average, compared to Mtc values on natural sands (in the
order of 1.2). This is associated with the particle shape of mine
tailings, which tend to have more angular particles compared
to the subrounded grains found in natural soils.

� Using the functional forms from Hardin and Richart (1963) and
Pestana and Whittle (1995) for G (eq. 3), we observed that the
parameter A that controls the magnitude of G correlates well
with c 0. In addition, the parameter B that controls the depend-
ence on p generally varies from 0.4 to 0.8.

� Compressibility can have an important effect on Sur=s
0
0 and

also controls Suy=s
0
0. Hence, it should be carefully considered

in evaluating appropriate Sur=s
0
0 and Suy=s

0
0 design values.

� In addition to Mtc and l e, the elastic and plastic moduli (G or Ir
and H, respectively) control Suy=s

0
0. We found that H/Ir values

in the range of 0.05 to 2 represent the range of Suy=s
0
0 values

observed experimentally in our mine tailings database.
� In general, we observed that the state and brittleness indexes con-

sidered in this study such as c 0, cm, c v, Ip, and Ib are correlated.
� The normalized instability stress ratio (h IL/Mtc) for flow liquefac-

tion cases with full softening was, in general, lower than 0.6.
� The trends suggest that flow liquefaction cases with partial

softening may have in general Ib, c /l , and Ip values larger
than 0.25, 0.75, and 2.5, respectively, whereas flow liquefaction
with full softening is associated with Ib, c /l , and Ip values
higher than 0.6, 1.5, and 10, respectively. We recommend using
these values as part of preliminary screening procedures in en-
gineering practice.

Data availability
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Appendix A
Table A1 presents the characteristic of the tailings materials

considered in this study, such as the critical state line parameters
(G, l e, or a, b, and c), the stress ratio at critical state (Mtc), liquid

limit (LL), plasticity index (PI), fine contents (FC) and the specific
gravity (Gs). In addition, we provide additional details for tests on
materials 01 to 07. The details are summarized in Table A2, including
the type of test (i.e., triaxial compression undrained (Tx-CU) and
triaxial extension drained (Tx-CD)), the mean effective stress at
consolidation (p0) and critical state (pcs), the shear stress at critical
state (qcs), the consolidated void ratio (e0), and critical state void
ratio (ecs).
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Table A1. Characteristics of tailings materials.

Material Mineral G / l e or a / b / c
b Mtc

c LLd PId FCd Gs
d Reference

1 Copper 0.924 / 0.096 / 0.421 1.49 — 0 15 3.12 This study
2 Copper 0.865 / 0.123 / 0.275 1.54 — 0 38 3.20
3 Copper 0.742 / 0.022 / 0.856 1.49 — 0 73 3.20
4 Copper 0.926 / 0.051 1.45 17 2 57 2.77
5 Copper 1.281 / 0.076 1.50 — 0 26 2.80
6 Copper 1.008 / 0.052 1.52 27 9 94 2.83
7 Copper 1.123 / 0.078 1.47 — 0 53 2.80

8 Copper 1.556 / 0.105 1.50 33 12 98 2.80 Riemer et al. 2017

9 Copper–zinc 1.14 / 0.08 1.40 26 6 85 3.38 Raposo 2016
10 Copper–zinc 1.423 / 0.107 1.36 35 6 97 3.38

11 Copper 0.811 / 0.033 1.46 — 0 98 2.68 Macedo and Petalas 2019
12 Copper 0.79 / 0.03 1.46 28 7 95 2.69
13 Copper 0.754 / 0.026 1.46 22 3 88 2.68

14 Copper 0.989 / 0.124 / 0.7 1.31 52 22 99 2.67 Anderson and Eldridge 2011

15 Gold 0.953 / 0.104 / 0.414 1.33 — 0 70 3.00–3.15 Bedin et al. 2012; Schnaid et al. 2013
16 Gold 1.173 / 0.074 / 0.46 1.22 — 0 72 3.00–3.30
17 Gold 0.958 / 0.128 / 0.594 1.24 — 0 70 3.00–3.15
18 Bauxite 1.347 / 0.072 1.50 39 14 100 3.10
19 Bauxite 1.122 / 0.13 / 0.381 1.29 31 5 92 3.00

20 Zinc 1.076 / 0.069 1.20 — 0 72 3.61 Shuttle and Cunning 2007

21 Iron 0.799 / 0.087 / 0.445 1.41 20 0 20 3.37 Li and Coop 2019

22a Iron 0.797 / 0.022 / 0.863 1.33 — 0 54 2.95 Morgenstern et al. 2016

23 Gold 1.226 / 0.334 / 0.188 1.41 — 0 96 2.89 Li et al. 2018

24a Gold 0.729 / 0.046 1.50 24 8 56 2.73 Morgenstern et al. 2019
25a Gold 0.85 / 0.028 1.50 — 0 63 2.63
26a Gold 0.736 / 0.04 1.50 19 16 56 2.74
27a Gold 0.795 / 0.047 1.50 19 17 55 2.69

28 Iron 1.157 / 0.085 1.40 25 25 92 3.11 Li 2017
29 Iron 0.912 / 0.128 / 0.296 1.36 25 25 64 3.14

30a Iron 1.108 / 0.248 / 0.147 1.38 20 4 51 4.38 Robertson et al. 2019
31a Iron 0.896 / 0.04 / 0.562 1.38 — 0 33 4.89
32a Iron 0.996 / 0.067 / 0.404 1.38 21 4 71 3.89

33 Platinum 1.205 / 0.034 1.25 — 0 10 3.51 Torres 2016
34 Platinum 0.928 / 0.025 1.29 — 0 30 3.43
35 Platinum 1.061 / 0.03 1.25 — 0 81 3.59

36 — 1.284 / 0.069 1.46 — 0 0 2.93 Gill 2019
37 — 1.212 / 0.065 1.49 — 0 10 2.93
38 — 1.024 / 0.052 1.57 — 0 30 2.93
39 — 1.41 / 0.117 1.49 — 0 60 2.93
40 — 1.152 / 0.053 / 0.967 1.43 — 0 100 2.94

41 Iron 0.962 / 0.051 1.43 — 0 75 2.96 Reid and Fanni 2020
42 Iron 1.02 / 0.059 1.46 — 0 75 2.96

43 Iron 0.925 / 0.045 1.47 — 0 0 2.78 Reid et al. 2018

44 Gold 0.732 / 0.113 / 0.275 1.45 — 0 54 2.78 Reid et al. 2021
45 Gold 0.741 / 0.132 / 0.242 1.46 — 0 54 2.78

46 Gold 1.263 / 0.191 / 0.256 1.29 — 0 0 2.69 Fourie and Papageorgiou 2001
47 Gold 1.459 / 0.081 1.10 — 0 19 2.69
48 Gold 1.057 / 0.028 1.14 — 0 31 2.69
49 Gold 0.91 / 0.041 1.24 — 0 60 2.69

50 Fluorite 1.016 / 0.078 / 0.545 1.44 — 0 0 2.72 Carrera et al. 2011
51 Fluorite 0.74 / 0.096 / 0.413 1.45 — 0 30 2.75
52 Fluorite 1.053 / 0.45 / 0.069 1.44 — 0 50 2.77
53 Fluorite 0.849 / 0.128 / 0.233 1.38 9.4 9.4 100 2.83

aMaterials 22, 24–27, and 30–32 correspond to the case histories of Fundao, Cadia, and Brumadinho, respectively.
ba, b, and c parameters are reported in cases where CSL fits a curve, while G and l e are reported for the conventional approach.
cMtc is the critical state stress ratio.
dLL, PI, FC, and Gs represent the liquid limit, plasticity index, fine contents, and specific gravity, respectively.

684 Can. Geotech. J. Vol. 59, 2022

Published by Canadian Science Publishing

C
an

. G
eo

te
ch

. J
. D

ow
nl

oa
de

d 
fr

om
 c

dn
sc

ie
nc

ep
ub

.c
om

 b
y 

G
E

O
R

G
IA

 I
N

ST
 O

F 
T

E
C

H
N

O
L

O
G

Y
 o

n 
04

/0
1/

23
 F

or
 p

er
so

na
l u

se
 o

nl
y.

 



Appendix B
This appendix presents the different state definitions used in

this study. Figure B1 shows all the state definitions graphically.

State parameter
Been and Jefferies (1985) defined the state parameter as the

difference between the current void ratio (e) and the void ratio at
critical state (ecs) for the same p. Equation B1 defines the state
parameter. A c value higher than 0 is indicative of a contractive
behavior (i.e., flow liquefaction), and a c value lesser than 0 is
indicative of dilative behavior. However, case histories suggest
that c higher than �0.05 is a better indicator of flow liquefaction
(e.g., Shuttle and Cunning 2007).

ðB1Þ c ¼ e� ecs

State pressure index
Wang et al. (2002) defined the state pressure index (Ip) as the

ratio of the current mean effective pressure (p) and the mean

effective pressure at the critical state (pcs) for the same void ratio.
Ip is defined according to eq. B2:

ðB2Þ Ip ¼ p
pcs

An Ip value higher than 1 is indicative of a contractive behavior,
and an Ip value lesser than 1 is indicative of dilative behavior.

Modified state parameter
Bobei et al. (2009) combined c and Ip to define a modified state

parameter cm, which is calculated as

ðB3Þ cm ¼ c

����1� 1
Ip

����e

Bobei et al. (2009) argued that this modification would be
particularly useful in the case of a curve CSL and found that cm

provided valuable insight for flow liquefaction cases. However,
they found that cm could be problematic for dilative materials
because Ip may be much lesser than 1, causing a large increment
in cm.

Volumetric strain-based state parameter potential
We also considered a state definition based on the volumetric

strain potential, which has been denoted as c v. Considering the
critical state theory axiom that all stress paths go to the critical
state, for a constant p stress path, we will have that the volumetric
strain can be estimated by

ðB4Þ d« v ¼ � dv
v

where v = 1 + e corresponds to the specific volume.
Integrating eq. B4 from initial conditions to the critical state

conditions, we will obtain

« v ¼ ln v0ð Þ � lnðvcsÞ

where v0 = 1 + e0, vcs = 1 + ecs, e0 is the initial void ratio, and ecs is
the critical void ratio. This leads to the definition of a volumetric
strain-based state parameter as

ðB5Þ c v ¼ ln
1þ e0
1þ ecs

� �

Table A2. Additional information for tests on materials 1 to 7.

Material Type of test Test ID p0 e0 pcs qcs ecs

1 Tx-CU M1-1 394 0.67 1140 1770 0.67
Tx-CU M1-2 400 0.71 762 1092 0.71
Tx-CU M1-3 142 0.90 0 5 0.90
Tx-CU M1-4 419 0.88 19 30 0.88
Tx-CU M1-5 423 0.68 896 1403 0.68
Tx-CU M1-6 402 0.84 78 130 0.84
Tx-CU M1-7 297 0.79 178 268 0.79
Tx-CU M1-8 203 0.93 0 9 0.93
Tx-CD M1-9 191 0.78 382 571 0.77

2 Tx-CU M2-1 196 0.81 9 19 0.81
Tx-CU M2-2 386 0.75 70 63 0.75
Tx-CU M2-3 289 0.77 21 30 0.77
Tx-CU M2-4 398 0.63 1066 1643 0.63
Tx-CU M2-5 196 0.83 1 8 0.83
Tx-CD M2-6 143 0.71 292 446 0.71
Tx-CD M2-7 291 0.78 585 878 0.67
Tx-CD M2-8 288 0.80 593 907 0.69
Tx-CU M2-9 354 0.68 418 722 0.68

3 Tx-CU M3-1 193 0.74 28 57 0.74
Tx-CU M3-2 361 0.73 59 79 0.73
Tx-CU M3-3 322 0.73 64 106 0.73
Tx-CD M3-4 343 0.74 701 1069 0.65
Tx-CU M3-5 419 0.71 119 183 0.71
Tx-CU M3-6 140 0.74 0 0 0.74
Tx-CD M3-7 295 0.70 572 831 0.65
Tx-CU M3-8 319 0.65 573 849 0.65
Tx-CU M3-9 381 0.65 311 520 0.65

4 Tx-CU M4-1 41 0.84 7 11 0.84
Tx-CU M4-2 94 0.81 14 29 0.81
Tx-CU M4-3 193 0.70 49 63 0.70
Tx-CD M4-4 201 0.72 415 641 0.65

5 Tx-CU M5-1 41 0.86 266 392 0.86
Tx-CU M5-2 90 0.84 325 477 0.84
Tx-CU M5-3 169 0.85 292 463 0.85
Tx-CU M5-4 395 0.73 737 1117 0.73

6 Tx-CU M6-1 200 0.72 225 324 0.72
Tx-CU M6-2 80 0.75 97 140 0.75
Tx-CD M6-3 153 0.81 81 110 0.73
Tx-CD M6-4 42 0.89 73 102 0.82

7 Tx-CU M7-1 394 0.68 234 353 0.68
Tx-CD M7-2 199 0.72 381 546 0.66
Tx-CD M7-3 49 0.80 88 122 0.76

Fig. B1. Definition of the parameters considered in this study to
characterize soil state. [Colour online.]

Macedo and Vergaray 685

Published by Canadian Science Publishing

C
an

. G
eo

te
ch

. J
. D

ow
nl

oa
de

d 
fr

om
 c

dn
sc

ie
nc

ep
ub

.c
om

 b
y 

G
E

O
R

G
IA

 I
N

ST
 O

F 
T

E
C

H
N

O
L

O
G

Y
 o

n 
04

/0
1/

23
 F

or
 p

er
so

na
l u

se
 o

nl
y.

 



Appendix C
Here we present the variation of Sur=s

0
0 and Suy=s

0
0 with respect to the additional state definitions considered in this study (i.e., Ip,

c v, and cm).
Figures C1a and C1b show the variation of Sur=s

0
0 and Suy=s

0
0 versus the pressure index (Ip). Recall that based on CSSM concepts, the

relation pcs=p ¼ expð�c 0=l eÞ holds (e.g., Jefferies and Been 2015). The scatter in the plots is comparable to the scatter in Figs. 10c and 10d
when l e and Mtc were used for the normalizations because Ip brings state and compressibility information. Figures C2a and C2b show the
variation of Sur= Mtcs

0
0

� �
and Suy= Mtcs

0
0

� �
relative to c v/l e. Figures C3a and C3b show the variation of Sur= Mtcs

0
0

� �
and Suy= Mtcs

0
0

� �
versus cm/l e. In Fig. C2, it is observed that c v helps to reduce the scatter further respect to c , whereas the scatter in Fig. C3 is
comparable to that in Figs. 10c and 10d. This suggests that the volumetric strain potential brings relatively more information
compared to the classical state parameter. In the case of the cm, by using the pressure index on its formulation, it brings information on
the strength and compressibility, making the trends similar to those in Figs. 10c and 10d.

Fig. C1. (a) Variation of Sur=s
0
0 versus Ip; (b) variation of Suy=s

0
0 versus Ip. [Colour online.]

Fig. C2. (a) Sur= Mtcs
0
0

� �
versus c v/l e; (b) Suy= Mtcs

0
0

� �
versus c v/l e. [Colour online.]

686 Can. Geotech. J. Vol. 59, 2022

Published by Canadian Science Publishing

C
an

. G
eo

te
ch

. J
. D

ow
nl

oa
de

d 
fr

om
 c

dn
sc

ie
nc

ep
ub

.c
om

 b
y 

G
E

O
R

G
IA

 I
N

ST
 O

F 
T

E
C

H
N

O
L

O
G

Y
 o

n 
04

/0
1/

23
 F

or
 p

er
so

na
l u

se
 o

nl
y.

 



Fig. C3. (a) Sur= Mtcs
0
0

� �
versus cm/l e; (b) Suy= Mtcs

0
0

� �
versus cm/l e. [Colour online.]
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